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Abstract: This work is an extension to the formal case of a previous work by Monegato [5]. 
A Stieltjes-type polynomial is a polynomial of degree (n + l), E,+t, orthogonal with respect to the functional 
{S, = c(P,(x)x’), i = 0, 1,2, . ..}. where c is a functional defined by the series f(t) = Cz,,c,t’. E,,,, is of important 
use in the estimation of the error in Pade approximation. An iteration of the construction of E,,,, is attempted. 
(Sections 1, 2, 3, 4). 
In the last section, we study the properties of the polynomial .S, associated with E,,, with respect to another 
functional C. S,, is called a Geronimus-type polynomial. It is shown that S,, verifies the system c(PnSnGk) = 0 for 
k = 1,. . . , n, where the G,‘s are orthogonal with respect to C. 
1. Introduction 
In [5], Monegato defines the Stieltjes polynomials E,+l (x) associated with a nonnegative 
weight function p(x) on an interval (a, b), 
J 
abp(~)P&c)En+l(~)~k dx, k = 0, l,..., n, 
where P,(x) is the n th-degree polynomial orthogonal on (a, b) with respect to p(x). This class 
of polynomials plays an important role in the estimation of the error of Gaussian rules (see [4,5]). 
In the same paper, Monegato considers another special class of polynomials { S,(X)}, intro- 
duced by Geronimus [3], 
J 
~~p(x)P,,(x)&,(x) cos(k.arcos(x)) dx=O, k=l, 2,...,n, 
where P,(x) is the nth-degree polynomial orthogonal on (a, b) with respect to p(x). 
In this paper we consider the case of orthogonal polynomials defined by a linear functional c 
(see [l]) and define the corresponding Stieltjes and Geronimus polynomials. In particular we 
present properties of these latter polynomials and introduce some generalizations. The generali- 
zation of Stieltjes polynomials we consider, has been recently introduced by Brezinski in [2] to 
estimate the error in Pad6 approximation. 
In this preliminary section, we recall some definitions and properties about Pad6 approxi- 
mants and Pad&type approximants which can be found in [l,Ch. 11. 
Let f be a formal power series in one variable 
f(t) = 5 C$, C,ER. 
i=O 
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Let c be a linear functional acting on the space of real polynomials, defined by 
c(x’)=c;, i=o, 1,2 ,...; 
the number ci is called the moment of order i of the functional c. We formally have [l], 
f(t) = c((1 - +I). 
If u is some polynomial, then 
P(x) := (1 - u(x)/u(t-I))/(1 - xt) 
is the Hermite interpolation polynomial of the function x + l/( 1 - x t) at the zeros of u and we 
get 
0) 
where n = degree of u and u”(t) = t”u( t-i). 
In the following, the on top of a polynomial p( t ) of degree d will have the meaning 
jj( t) = t”p( t-l). Notice that c(P) is a rational function of degree (n - l/n) which coincides with 
the series Cc,t’ up to the term c,_ltn-l. Indeed we have 
c(P) = iiqt)p(t), 
where 
deg w=n-1, 
is the associated polynomial to u with respect to c. We denote c(P) := (n - l/n)f( t). 
(n - l/n), is called a Pad&type approximant (PTA) with u as generating polynomial. 
To obtain an approximant with a higher order of approximation, we take u such that 
c(u(x)x’)=O for i=O,...,n-1. 
In this case, if the Hankel determinant 
co . . . c,-1 
K(co) = 1 
C n-l . . . Cn-2 
is different from 0, then u is the orthogonal polynomial of degree n with respect to the functional 
c and is denoted by P,,. 
The relation (1) becomes: 
f(t) - c( 1 - PM/pn(t-‘) l-xt )=&c(i%) 
= $+( ‘;‘“+J = &(g+), 
( 1 -~nbVfw’) = 1 i i es’1 -e7b) c 1 al(t) _ 1 - xt P,( t-l) c 1 - xt Em ’ 
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where 
Q,(t) =c( u4 - p&> x-t i 
of degree (n - 1) is the associated polynomial to P,. The rational function o,,/jn is denoted by 
n - l/n f(t) called a PadC approximant to f. 
2. Stieltjes-type polynomials 
In this section we will consider known result about Stieltjes polynomials defined by nonnega- 
tive weight functions, and extend them to the case of orthogonal polynomials defined by the 
linear functional c (acting on the space of real polynomials) we have introduced in Section 1. 
Definition The polynomial E, + 1 of degree (n + l), orthogonal with respect to the functional I? 
defined by Ej = c( P,( x)x’), i E N, is called Stieltjes-type polynomial. (See Monegato [5] and 
Stieltjes [6]). 
If we set c”, = c( P,(x)x’)i = 0, 1, 2,. . . , E,,+l satisfies 
E(E,+,(x)xk)=O, k=O,l,...,n e c(E,+~(x)P,(x)x~)=O, 
k=O,l,2 )...) n. (2) 
Existence and unicity of E,,,, 
Theorem 1. E, + I is uniquely determined by (2) if and only if c( P,“) # 0. 
Proof. E,, + 1 is assumed to be manic, i.e., E,+1 = xn+’ + e,(,*+l)x” + . . . +,A*+‘). The system (2) 
is triangular and the diagonal term is c( x”P,( x)) = c( P,‘( x)). 0 
The associated polynomial to E,, 1 with respect to 
Ck = c( P,(x)x”) 
is 
z 
i 
En+,(x) - En+&) p 
x-t n 
(x) 4+1(x) - En+&) 
x-t 
= c( P,(x)x”) = c( P,2) := h,. 
So, h,t”/I?,,+I(t) is the Pad& Approximant of q,(t) := c(P,(x)/(l - xt)) 
b/n + 11 dt) = h,t”/&+dt). 
Property 1. The relation 
[c(P,(x)/(t-x))]-‘=;E.,,(t)+$)+y+ ... 
n 
(3) 
holds. Thus (l/h,)E,+,(t) is the entirepart of the function [c(P,(x)/(t - x))]-’ 
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Proof. Since /~,t”/,??~+i(t) = [n/n + l],,(t), we have h,t”/&+,(t) - q,(t) = 0(t2n+2) and 
h./&+,(t) - t-lq,(t-l) = O(t-2n-3). so, 
1/t-‘q,(t-‘) - (l/h,)E,+,(t) = o(t-‘) 
which is (3), since t-l 4,W7 = c(p,(x)/(t -x)). 0 
Calculation of E,,+l 
Unfortunately, the sequence (E, + 1) n E N does not satisfy a three-term recurrence relation [5]. 
So we must calculate E,,,, by solving the triangular system (2) 
c( P,(x)E,+,(x)xk) = 0, k = 0,. . ., n. 
If we set 
,F+l(x) = Xn+l + ,Ln+ljxn + eL”f,‘)Xn-l + . . . +&+I), 
then (2) is equivalent to 
e(“+‘)a(“) n n -4% 
erjnfil+.p) + ,(n+l)($n) = --(y (n) 
n n n+l n+29 
\ . 
1: e0 (n+l)(yp + ejn+l)(yjt”& + . . . +e;“+l)apn) (n+l) = -(Y2n+1 ; 
where ap’ = c(xkP,(x)), CX(~)~ = 0 if k < n. 
The quantities (Y?) may be calculated recursively (see [1,2].) 
Integral representation of E,,,, 
Theorem 2. If x/q,, ( xP ‘) is holornorphic in the exterior of a path C, except at infinity, and t in the 
interior of C, then 
En+,(t) = &$j- X 
c4,(x-‘Xx - 4 
dx. 
Proof. Using 
l/t-‘q,(t-‘) = (l/h,&+,(t) + o(t-‘1, 
we get 
J 
X 
cq,(x-‘)(x - t) 
dx = FEn+,(f). 
n 
Determinantal expression of E, + 1 
(1) Since E,,,, is an orthogonal polynomial of degree (n + 1) with respect to c”, we have 
J%l+1(X) = 
0 . . . 0 4W”> c( .xn+l) 
0 
o$> c( .x*y c( .x2,+,) x An 
1 x x2 . . . Xn X n+l 
M. Prevost / Stieltjes- and Geronimus-typepolynomials 137 
(2) We have also 
c(P,“) c(x”P,P,) C(X”P,Pk) . . . c(x”P,P,-1) 4X”PnPn+l) 
0 CCP,‘) 4X “-‘PnPJ 
0 0 
0 4X n-k+lPnPk) 
c(P,“) 
0 
0 
0 
PO 
0 
Pl 
0 
pk 
a*> C(XP,P,,l) 
. P n-l P n+l 
Proof. Multiplying E,+,(x) by xkJ’,,(x), and applying the functional c shows that two rows are 
identical for k = 0, 1,. . . , n. 
3. Pad&type approximant (2n /2n + l)f with P,,E, + 1 as generating polynomial 
Recently, Brezinski [2] used a method due to Kronrod [4] to estimate the error f(t) - [n - 
l/n],(t) in Pad6 approximation. More details about this method can be found in [2]. Here we 
recall the main idea. 
If we take 
u(x) = P,(x)E,+,(x) 
in relation (l), then 
c(u(x)x”) =0 for k=O,...,n 
and 
t3n+2 
=u^oc 
The associated polynomial to u, of degree 2n, is 
U(X)X”+l 
i l-xt . 
w(t) = c 
i 
v(x) - u(t) = 1 i c PnbPn+l(X) - Mt)En+,(t) x-t x-t i 3 
which can be put in the following form: 
w(t) = +‘n’<x>> + En+&)QnW 
Thus we have 
(2n/2n + 1)1(t) = “~t2a;t?;1(t:,~~(t) 
” n+l 
hnt2* 
= kn(t>J%+1(t> 
+ &<t> h,t2n -= 
F”(t) m~n+l(t> 
+ b - WI f(t). 
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From this expression we obtain 
and 
(2n/2n + 1)Jt) - [n - l&(t) =f(t) - [n - l/n],(t) + O(t3n+2) 
Thus (2n/2n + l)_Jt) can be used to estimate the error f(t) - [n - l/n]Jt) in Pad6 ap- 
proximation. 
4. Iteration 
In this part, we try to iterate the method of Section 3. 
Let us write the error in the Pad& Approximation (PA) 
t” 
f(t) - [n - l/h&(t) = -c 
i 1 Pnb> el’,ct> 1 -xt 
and replace c( P,( x)/(1 - xt)) := q,(t) by its PA 
[n/n + 11&> = W/&i+*(t)- 
We obtain 
f(t) - b - WI At> = &-[[.,n + llqn(t) + /+;,) c( En+l(x)pn(xq) 1 - xt 
n nil 
and 
f(t) - b - l/n1 f(t) - 
h,,t2n t2n+l 
E2mI+&) = fin<t>&+,<t> c 
The idea for iterating the process of construction of E,,,, consists in replacing 
~(E,+~(x)P,(x)/l - xt) c=@(t) 
by its PA [(n + l)/( n + 2)],!1,( t) if it exists. 
We are lead to find some polynomial E,‘?, such that 
c( ~%+,bkb)E,':'2 (x)xk)=O fork=O,...,n+l. (4) 
Existence and unicity of E,‘y2 
Let us write EA:)2=xn+2+f,+lx”+1+ ... +fO. (Each A., i=O,...,n+l, depends upon n.) 
System (4) is triangular with diagonal terms 
c(E,+,(xR(x)x”+‘). 
Hence we can state the following theorem. 
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Theorem 2. The system 
c(E,+l(x)P,(x)E,(:)2(X)Xk)=0, k=O,...,n+l 
has a unique solution E,‘y2 of degree (n + 2) if and only if 
c(E,+,(~)P,(x)x~+~) f 0. 
Calculation of E,‘y2 
Thef,‘s, i=O,.. . , (n + l), satisfy the triangular system 
PPf,+1 + W) = 0, 
Pl’“‘f,,I + PPf + P 2 = n 0, 
p,‘:‘, f,+l + p+f + . . * +@‘fo + p,‘:‘, = 0 n n 3 
where 
p/n) = C( E,+,(x)P,(x)x”+‘+‘) = ag)+2+i + i e~‘cx~~I+i+kS 
k=O 
If the quantities ai”) are known in (3), then the above formulas allow us to calculate the 
@““s. From 1 
1 al’“’ a$4 a(“) 
=tf-E,+I(t)+T+-+ *a. + ’ I ... 
t-lq,( t-l) n t2 t’ 
> 
where 
we deduce 
i,jn),r) + h-1 
n (a v!le6”) + cu~T2e~“’ + * * - + eA”)c&)+l + &)+,) = 0, 
a:“)ar) + a,(n)ap’, + h,‘( aT!2e6”’ + * * * +ej,“‘&)+, + a(;,)+,) = 0, 
{ . 
aj”‘cuy’ + ajl)lcxp!I + * * * +al(n)cx,+i_l 
+h,‘(eg)a(“) + * a. +e(“)a~n!“,?j + CY’;,)+~+~ n+i n )=o 
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Pad&type approximant (3n + 2)/( 3n + 3) with P,, E,,, 1 E,‘y2 as generating polynomial 
If we take, in (1) 
u(x) = P,(x)E,+,(x)E,‘:‘,(x), degree u = 3n + 3, 
then c( u( x)xk) = 0 for k = 0, n + 1 and 
The associated polynomial to u is 
w(t) = c 
i 
Pn(4En+d4E,(:)2(-4 - Pn(t)En+,(t)cL(t) 
x-t 
1 
= 4M4En+l(X) 
ebb) -E,‘:‘,(t) 
+ P,(x)E,‘:‘2(t) 
J%+*(x) - En+,(t) 
x-t x-t 
+E,+,(t)E,‘:‘,(t) pn(xj I;@) 
= ~(P,,(x)E,+~(x)x’+~) + E,‘:‘, (t)c(Pn”(x)> +E,+,(t)E,':',(t)Q,(t>, 
i.e, 
w(t) = ,80’” + h,E,(y2 (t) +E,+,(t)E,‘:‘,(t)Q&) l P3n+2. 
We deduce 
&“)t3n+2 + h,l?‘,‘y2(t)t2” + z!?,+,(t)~;‘:‘,(t)&(t) 
mt)c7+l(tm2(t) 
3 
hnt2n 
+ El(t)&+1(t) 
+ 
and the error in the Pad6 approximation becomes 
f(t) - [q,(t) = (ggp) - [ qp) + $gc( “‘:yt+2). 
5. Geronimus-type polynomials 
Consider the Stieltjes polynomial E,,+1 defined, for example, by 
c( P,,(x)E,,+,(x)xk) = 0, k = 0, l,..., n. 
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Let S,, be the polynomial of degree n associated with En+1 with respect to a functional C with 
g(t) = c((l-xql) = iFOz;r’ 
and defined by the relation 
s,(t) = c E,+,(x) - E,+dt> 
x-t 
we have 
sl,(WC?+iW = (V(n + l))&). 
Since the case g(t) = (1 - t2)-‘j2 was treated by Geronimus [3], following Monegato we call S, 
a Geronimus-type polynomial. 
Fundamental properties of S,, 
Property 1. If the functional C is definite (i.e. H,(C,) # 0, Vn) and {G,}, EN the farnib of manic 
orthogonal polynomials with respect to C, then 
c(P,(x)S,(x)G,(x)) = 0 fork = 1 to n. 
Proof. Since E, + 1 E P,, + 1 and G, E Pk, we can write 
E n+l = G,+, + y,,G,, + y,_ lG,, + . . . + $I+ Y,,& for Some Y,. 
SO, s,, = H,,,, + y,,H,, + . . . +Y~H, where 
H,(t) = C 
Gk(x) - G,‘(t) 
x-t 
> C acts on x; 
To prove 
deg H,=k-1, H,=O. 
the property it is sufficient to evaluate the quantity 
c&V%) - @‘A+,H,) 
= @‘,(WL+, + . . . +&Y$&) - Pn(H,Gn+, + . . . +Y,G,H, + YoH~) 
= c(Pn(WL+, - H,G+,)) + ~nc(P&%Hn - H&n)) 
+ . . . +y,c( P,(G,H, - HkGl)) - yoc(P,G,H,)=O. 
Indeed, sincedeg(G,h,-H,G,)= Ii-k-11 <(n-k)<n for k=l, n, wehave 
c(P,,S,G,)=c(P,,E,+,H,)=O fork=l, n. 0 
Property 2. We have 
(9 
d-‘1 b;“’ b$“’ 
4nV) 
= h,‘&(t) + - + - + . . . 
t t2 
where 
4,(t) = c(P,(x)/(l - xt)L g(t) = c((1 - xt)_l). 
(ii) If g(x-‘)/4,(x-l ) is holomorphic in the exterior of a path C, except at infinity, with t in the 
interior of C. Then 
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Proof. S,, is the associated polynomial to E,,, with respect to C, so we have 
$<t> - s(+C+&> = OV>. 
By property 1 (3) 
E,+,(t)=h, 
[ 
t ---- ... 
al’“’ a$4 
q&-l) t t2 1 ’ 
+wn+10 = W) n q n Ct_‘) + w-“L 
where G(t) = t-‘g( t-l). We obtain 
k&(t) = 
G(t) +o(t-l) = g(t-‘) +o(t-1). 0 
n t-lq,(t-*) qn(t-7 
By computing a residue, we get (ii). 
Determinantal expression of S,, 
c(p,‘> c(P,,P,G) c(PnPkcn) c(f’nPn-16) c(P,,*G) 
0 c(pn*> 
0 0 ‘. C(PnPkGn-k+l) 
h;S,(x) = CR3 
0 
0 
PO 
0 
p, 
0 
pk 
,.. 0 CR*) c(Pn%> 
p,-l pll 
Proof. Multiplying the last row by P,G,, k = 1,. . . , n, and applying the functional c, we 
c(P,(x)S,(x)Gk(x))=O fork=l,...,n 
since two rows of the determinant are identical. q 
get 
Nonexistence of a three-term recurrence relation for {S,, },, EN 
Theorem. Let ( P, ) n E WI be an orthogonal polynomial system (OPS) with respect to c, 
r 
P,+,(x) = (x + 4?+,)P,(x) - C?I+1P?4(x), 
Po=l, P-,=0. 
Let (S,,) be a family of polynomials satisfying some three-term recurrence relation 
i 
S,+,(x) = (x + Pi+&% - %+lSn+l, n E N, 
S,=l, s-,=0. 
Then, if G, is some polynomial of degree k, 
c(P,S,G,) = 0 fork = 1, 2, 3, 4, 
M. Prevost / Stieltjes- and Geronimus-type polynomials 143 
implies 
Proof. By taking 
k = 1, we get p,, = B,,+,, n > 2; 
k = 2, c,,+~ = a,,, n 2 3; 
k = 3, B,, = B,,+2 n 2 3; and for 
k = 4, C,,,, = C,,+3, n > 5. 
So, in the general case, the { S,, }n E N do not satisfy a three-term recurrence relation. Let us now 
examine some particular cases. 
First particular case 
Theorem. Let (P,), EN an OPS with respect to c, assumed to be definite. 
Let (SJncN be the unique family of manic polynomials such that c( P,S,,G,) = 0, k = 1,. . . , n, 
where the Gk’s are the orthogonal polynomials with respect to C definite, then 
: 
G,+,(x) = (x + P)G,(x) - Y%,(X) Vn 2 1, 
G,=2, G,=x+P and 
S,=P, VnEN e P,+,(x) = (x + P>P,(x) - VP,-,(X) Vn 2 1, 
PO = C/Y, P,=x+B, 
B and C being arbitrary constants of R . 
Proof. We have P,+l(x) =(x + B,+,)P,,(x) - C,+,P,_l(x), 
C n+lZO Vn>,l, P-,=0, P,=l 
and 
G,+i(x) = (x + P,+i)G,(x) - yn+iG,-i(x), n 2 0 
Y .+,+o Vn>l, G,=l, G-,=0. 
Sn=Pn VnEN = c(Pn2G,)=0 Vk=l,...,n. 
By induction, we prove that 
B &+1 n+1= = & := p Vn > 1 
and 
C n+l =y,+i=y3=+y2:=y Vn>,2, 
C, and B, taking arbitrary values. 0 
Second particular case: c = C 
If the two functionals c and C are identical, then by using the determinantal expression of 
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E n+ 1 and S,, we get the identity 
@n’> +“WJ 
c(P,i’) 
0 -. 
0 0 . . 
Qll Q, 
where 
( -(pn’) 4Pn’Pl) 
x c( P,2). 
Qi(t) =C 
‘iCt> -‘iCx> 
t-x 
is the associated polynomial of Pi (notice that Q, = 0). 
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